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We consider an analogue of Witten’s SL(2,Z) action on three-dimensional QFTs with U(1) sym-
metry for 2k-dimensional QFTs withZ2 (k−1)-form symmetry. We show that the SL(2,Z) action
only closes up to a multiplication by an invertible topological phase whose partition function is
the Brown-Kervaire invariant of the spacetime manifold. We interpret it as part of the SL(2,Z)
anomaly of the bulk (2k + 1)-dimensional Z2 gauge theory.
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1 Introduction and summary
In [Wit03] Witten introduced the SL(2,Z) action on 3d quantum field theories (QFTs) with U(1)
symmetry given as follows. Let Q be a 3d theory with U(1) symmetry whose partition function is
ZQ[A], where A is the background U(1) gauge field. Then the S and T operations are defined as
ZSQ[A] =
∫
[Da] exp
(
2pii
∫
M3
a
2pi
d
A
2pi
)
ZQ[a], (1.1)
ZTQ[A] = exp
(
2pii · 1
2
∫
M3
A
2pi
d
A
2pi
)
ZQ[A]. (1.2)
The prefactor in the definition of TQ is a level-1 U(1) Chern-Simons term1 and therefore requires
that the spacetime manifold M3 is endowed with a spin structure [Wit03, BM05].
A careful argument given in [Wit03] shows that one has
ZS2Q[A] = ZQ[−A], (1.3)
Z(ST )3Q[A] =
(∫
[Da] exp
(
2pii · 1
2
∫
M3
a
2pi
d
a
2pi
))
ZQ[A], (1.4)
where the factor in the parenthesis of (1.4) is the level-1 U(1) Chern-Simons theory. These equa-
tions imply that the operations S and T satisfy the relations
S2 = C, (ST )3 = Y (1.5)
where C is the charge conjugation of U(1) symmetry and Y is (the multiplication or equivalently
the stacking by) the level-1 U(1) Chern-Simons theory. Therefore the operations S and T form
the group SL(2,Z), up to a multiplication by Y .
1In some literature, including [Wit03], a different normalization was used so that this corresponds to level-1/2.
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In [Wit03] it was found that the level-1 U(1) Chern-Simons theory Y has a one-dimensional
Hilbert space on any closed spatial manifold. Such QFTs are now known as invertible phases
following [FM04]. Invertible phases form an Abelian group under multiplication, and 3d spin
invertible phases are known to form the group Z, such that the invertible theory labeled by n ∈ Z
has a boundary mode with the chiral central charge c = n/2, and has the quantized thermal
Hall conductivity κxy = npik2BT/(12~), see e.g. [RG99] and [KTTW14, Appendix]. In this
normalization, the level-1 U(1) Chern-Simons theory is labeled by 2 ∈ Z. Denoting the invertible
theory labeled by 1 by X , we have Y = X2.
This makes it clear that we cannot redefine S and T to make the action genuinely SL(2,Z).
Indeed, let us try redefining S˜ := XaS and T˜ := XbS, and demand S˜4 = 1 and (S˜T˜ )3 = 1. This
requires 4a = 0 and 3(a+ b) = 2, which do not admit any solutions.
The finding of [Wit03] and the progress in the understanding of invertible phases since then
can be summarized thus: the SL(2,Z) action on 3d spin QFTs with U(1) symmetry forms a
projective representation, where the projective phase is given by an invertible topological phase,
which is the level-1 Chern-Simons theory.
In this short note, we provide an analogue of this SL(2,Z) operation for 2k-dimensional
QFTs with Z2 (k − 1)-form symmetry. For 4-dimensional QFTs with Z2 1-form symmetry, this
SL(2,Z) action was introduced in [GKSW14, Sec. 6] in the spin case, and was later extended
to the non-spin case in [ARS19]. If we denote a 4d gauge theory with Spin gauge group by Q
which has electric Z2 1-form symmetry, the SO+ gauge theory corresponds to SQ and the SO−
gauge theory corresponds to STQ. In the 4d spin case, this action is genuine and not projective.
We will consider its generalization to more general spacetime dimensions and to more general
spacetime structures, and show that this action is projective up to a multiplication by an invertible
topological phase, whose partition function is a Brown-Kervaire invariant [Bro72, Kla95]. This
will be done in Sec. 2.
In [Wit03], it was also explained that the SL(2,Z) action on 3d QFTs with U(1) symmetry
comes from considering these theories on the boundary2 of the bulk 4d Maxwell theory and per-
forming the SL(2,Z) duality of the bulk as first described in [Wit95]. We will describe how the
projectivity of the SL(2,Z) action on 3d QFTs arises from the mixed-gravitational anomaly of
the SL(2,Z) action of the bulk as found in [STY18]. Applying the same analysis to the SL(2,Z)
action on 2k-dimensional QFTs with Z2 (k− 1)-form symmetry, we infer the mixed-gravitational
anomaly of the SL(2,Z) action of the bulk Z2 gauge theory. This is the content of Sec. 3. We are
not going to find the full anomaly of the SL(2,Z) action of the bulk Z2 gauge theory in this paper.
Determining it will be left to the future.
2The argument was presented in the context of the AdS/CFT correspondence, but it equally applies to the bulk-
boundary systems.
2
2 SL(2,Z) action and the Brown-Kervaire invariants
2.1 The operations S and T and their compositions
Let us consider 2k-dimensional QFTs with Z2 (k−1)-form symmetry. We assume this Z2 (k−1)-
form symmetry to be anomaly-free throughout this paper. We are going to define two operations,
S and T , acting on this class of QFTs, forming the group SL(2,Z) which is realized projectively.
Let us denote the partition function of a theory Q as ZQ[B]. Here, B is the background field
for Z2 (k− 1)-form symmetry, which is a degree-k cohomology class B ∈ Hk(M2k), where M2k
is the spacetime manifold. The cohomology groups appearing below are all Z2-valued.
For 4d theories on spin manifolds with Z2 1-form symmetry, these two operations were intro-
duced in [GKSW14, Sec. 6]. They act for example on so gauge theories with matter fields in the
vector representation. Denoting the Spin theory by Q, the SO+ theory will be SQ and the SO−
theory will be STQ. In this case there is no projectivity, as we will see later.
The definition of the S operation is straightforward and is given by gauging the Z2 symmetry:
ZSQ[B] =
1
|Hk(M2k)|1/2
∑
b
(−1)〈B,b〉ZQ[b]. (2.1)
Here, 〈B, b〉 := ∫
M2k
B∪b is the intersection pairing and we have introduced a standard3 prefactor
|Hk(M2k)|1/2. This is merely a discrete Fourier transformation on Hk(M2k), and one can easily
check that
ZS2Q[B] = ZQ[B], (2.2)
as B is Z2-valued and there is no distinction between ±B. Therefore we simply have S2 = 1.
To define the T operation requires more care. Namely, we need a quadratic refinement q of
the intersection pairing 〈−,−〉. It is a Z4-valued function which satisfies the condition
q(B +B′) = q(B) + q(B′) + 2〈B,B′〉. (2.3)
Note that q(0) = 0 follows from this relation by setting B′ = 0, which then implies that
q(B) = 〈B,B〉 (mod 2) (2.4)
by setting B = B′.
There are cases when a Z2-valued quadratic refinement q¯(B) satisfying
q¯(B +B′) = q¯(B) + q¯(B′) + 〈B,B′〉 (2.5)
is available, but it is a special case of a Z4-valued quadratic refinement where q(B) = 2q¯(B).
3To see that it is the correct normalization to use, consider the case when Q is a completely trivial theory. Then
SQ is the Z2 gauge theory, whose Hilbert space on M2k−1 should have dimension |Hk(M2k−1)|. We now evaluate
the expression (2.1) for M2k = S1×M2k−1. Since Hk(S1×M2k−1) = Hk(M2k−1)⊕Hk−1(M2k−1) and the two
direct summands are Poincaré dual to each other, we see that the expression (2.1) indeed equals |Hk(M2k−1)|.
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Quadratic refinements do not come for free. We pick a spacetime structure (such as an ori-
entation, spin, or pin±, appropriate for the chosen dimension d = 2k as we detail below) such
that a quadratic refinement is available, and we restrict our attention to QFTs which include that
particular spacetime structure as part of the data. We denote the chosen structure by S when
necessary.
We then define the operation T as follows:
ZTQ[B] = i
q(B)ZQ[B]. (2.6)
It is an order four operation in general; T 4 = 1. When q(B) is always even and comes from a
Z2-valued quadratic refinement, it is an order two operation.
Let us now compute STS:
ZSTSQ[B] =
1
|Hk(M2k)|
∑
b,b′
(−1)〈B,b〉iq(b)(−1)〈b,b′〉ZQ[b′]
=
1
|Hk(M2k)|
∑
b,b′
iq(b+B+b
′)i−q(B+b
′)ZQ[b
′]
=
 1
|Hk(M2k)|1/2
∑
b˜
iq(b˜)
(i−q(B) 1|Hk(M2k)|1/2 ∑
b′
(−1)〈B,b′〉i−q(b′)ZQ[b′]
)
= ZYZT−1ST−1Q[B], (2.7)
where
ZY :=
1
|Hk(M2k)|1/2
∑
b˜
iq(b˜). (2.8)
We therefore see that we have
(ST )3 = Y, (2.9)
where Y is (the multiplication by) the Z2 gauge theory whose action is q(b) with the partition
function given by ZY .
2.2 Brown-Kervaire invertible field theories
The sum ZY is known to be S-bordism invariant [Bro72] and is called the Brown-Kervaire invari-
ant of the quadratic refinement q of the intersection form 〈−,−〉. This is in general an eighth root
of unity, so it is Z8-valued [Bro72]. Furthermore, ZY becomes±1 when q is even and comes from
a Z2-valued quadratic refinement q¯. In this case, ZY is the Arf invariant of q¯.
In either case, the partition function ZY is always invertible. Therefore this theory Y is an in-
vertible topological field theory. The bordism invariance of ZY , mathematically proved in [Bro72]
long time ago, agrees with the physics expectation that invertible topological phases are bordism
invariant [KTTW14], which was recently proved in [Yon18] in general.
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We can also directly check that the dimension of the Hilbert space is one. Consider the case
when M2k = M2k−1 × S1. Decomposing b ∈ Hk(M2k) as
b = u⊕ v ∈ Hk(M2k−1)⊕Hk−1(M2k−1), (2.10)
any quadratic refinement is of the form
q(b) = 2
∫
M2k−1
(u ∪ v + u ∪ c+ c′ ∪ v) (2.11)
where c ∈ Hk−1(M2k−1) and c′ ∈ Hk(M2k−1) are elements dependent on q. Before imposing the
gauge invariance, the basis of the Hilbert space on M2k−1 is labeled by u ∈ Hk(M2k−1), and
iq(b) = (−1)
∫
M2k−1 (u∪v+u∪c+c
′∪v) (2.12)
tells us how a gauge transformation by v ∈ Hk−1(M2k−1) acts on each state. Only the state labeled
by c′ ∈ Hk(M2k−1) is gauge-invariant, and we find
ZY = (−1)
∫
M2k−1 c
′∪c
. (2.13)
2.3 Comments
So far, we defined two operations S and T , introduced the invertible phase Y , and showed that
they satisfy the relations
S2 = 1, T 4 = 1, (ST )3 = Y. (2.14)
Whether the projectivity due to Y can be removed by redefinitions of S and T depends both on
the properties of the theory Y , and on exactly which group action we would like to consider.
Since we consider Z2 symmetry for which there is no distinction of ±B ∈ Hk(M2k), it is
tempting to demand that we have a projective action of SL(2,Z2). In this group, however, the
operation T has order two, while our operation T has in general order four, such that
ZT 2Q[B] = (−1)q(B)ZQ[B] = (−1)〈B,B〉ZQ[B] = (−1)〈νk,B〉ZQ[B] (2.15)
where νk is the Wu class. This apparent projectivity cannot be considered as coming from an
invertible phase independent of B.
We note that PSL(2,Z) has a presentation
PSL(2,Z) = 〈S, T | S2 = (ST )3 = 1〉 (2.16)
and then
PSL(2,Zn) = 〈S, T | S2 = (ST )3 = 1, T n = 1〉. (2.17)
Therefore our relations (2.14) determine a projective action of PSL(2,Z) and PSL(2,Z4).
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Another closely related group is
Mp(2,Z) = 〈S, T, C | S2 = C, (ST )3 = C2, CT = TC,C4 = 1〉 (2.18)
which is a double cover of
SL(2,Z) = 〈S, T, C | S2 = C, (ST )3 = C2, CT = TC,C2 = 1〉. (2.19)
In many cases, the SL(2,Z) action on theories with fermions should better be thought of as having
an action of Mp(2,Z), where C2 is identified with (−1)F , see [PS16] and [HTY20, Sec. 8]. This
is an extension of SL(2,Z) by the fermion parity operator (−1)F , whereas our main relations
(2.14) can be considered as an extension of PSL(2,Z) by Y . It seems better to keep these two
types of extensions conceptually separated, since the fermion parity is part of the structure group
of the spacetime whereas Y is an invertible phase in one dimension lower.
2.4 Examples
Let us mention a few examples of the dimension d = 2k and the structure S where the quadratic
refinement is available.
2.4.1 Oriented manifolds
In arbitrary even dimensions d = 2k, we can use the Pontrjagin square
P : Hk(M2k,Z2)→ H2k(M2k,Z4), (2.20)
which satisfies
P(B +B′) = P(B) + P(B′) + 2(B ∪B′). (2.21)
Assuming that we equip the manifold with an orientation, we can define the Z4-valued quadratic
refinement by
q(B) :=
∫
M2k
P(B). (2.22)
In this case, the corresponding Brown-Kervaire invariant is known [Mor71] to be the signature
modulo 8,
ZY =
1
|Hk(M2k)|1/2
∑
b
i
∫
M2k
P(b)
= exp
(
2pii · σ
8
)
. (2.23)
This invertible phase is divisible by an arbitrary nonzero integer since σ is Z-valued. This allows
us to remove the projectivity from the SL(2,Z) action
S2 = 1, (ST )3 = Y (2.24)
by redefining T˜ := TY −1/3. This redefinition, however, is not guaranteed to keep the order of T
to be two or four.
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2.4.2 4d spin manifolds
If we restrict attention to 4d spin manifolds, the projectivity is trivial on the nose, since the sig-
nature is a multiple of eight. Then the SL(2,Z) operation is genuine and not projective. Further-
more, since S2 = T 2 = 1, the operations in fact form the group SL(2,Z2).
This fact was used in [GKSW14, Sec. 6] to refine the action of the Seiberg duality on so SQCD.
Let us quickly review this here. Recall first that in [IS95] it was found that so(Nc) theory with Nf
flavors is dual to so(N ′c) theory with the same number Nf of flavors, where N
′
c = Nf − Nc + 4.
Later, in [AST13], it was noticed that there are in fact Spin, SO+ and SO− theories, all sharing
the same gauge algebra, and that the Seiberg duality acts as
Spin(Nc) ↔ SO−(N ′c),
SO+(Nc) ↔ SO+(N ′c),
SO−(Nc) ↔ Spin(N ′c).
(2.25)
This mapping however neglects the coupling of the theories to the background for the Z2 1-form
symmetry. Requiring that the SL(2,Z) action to be compatible with the Seiberg duality, one finds
that the mapping should in fact be
Spin(Nc) ↔ T (SO−(N ′c)),
SO+(Nc) ↔ T (SO+(N ′c)),
SO−(Nc) ↔ T (Spin(N ′c)).
(2.26)
Equivalently, denoting Q := Spin(Nc) and Q′ := Spin(N ′c) and introducing the symbol S for
the Seiberg duality, we can rewrite the mapping as
SQ = TSTQ′,
SSQ = TSQ′,
SSTQ = TQ′.
(2.27)
We can then check that S commutes with the SL(2,Z2) action, and that S is of order 2, in the
sense that
SSQ = STSTQ′ = TSTSQ′ = (TST )2Q = Q. (2.28)
2.4.3 2d pin− manifolds
In two dimensions, every manifold admits a pin− structure, which is known to be in one-to-one
correspondence with the Z4-valued quadratic refinement q. This can either be described using
algebraic topology (see e.g. [KT90]) or differential geometry (see e.g. [KPMT19, Appendix D]).
The corresponding Brown-Kervaire invariant is often called the Arf-Brown-Kervaire (ABK)
invariant in recent physics literature, and is known to generate the group Hom(Ωpin
−
2 , U(1)) = Z8
of 2d pin− invertible phases. It has been described as a fully-extended TQFT in [DG18]. It also
describes the low-energy limit of the time-reversal-invariant Kitaev Majorana chain, whose mod-8
behavior was first understood in [FK09].
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The projectivity can be removed from the PSL(2,Z) action by redefining T˜ = TY 5. It is
impossible to do so from the PSL(2,Z4), since S˜ = SY a and T˜ = TY b would have to solve
2a = 0, 4b = 0 and 3(a+ b) = 1 mod 8.
We can also restrict our attention to spin manifolds. Then the theory Y is the Arf theory and
is Z2-valued. The projectivity can then be easily removed by redefining T˜ = TY .
2.4.4 4d pin+ manifolds
In four dimensions, (possibly non-orientable) manifolds with w2 = 0 admit pin+ structure, which
is known to be in one-to-one correspondence with the Z4-valued quadratic refinement q. This has
a differential geometric description by realizing B ∈ H2(M4) as the Stiefel-Whitney class w2 of
an SO(3) bundle4 and considering the associated eta invariant [WW18, footnote 7,8].
To determine the corresponding Brown-Kervaire invariant, recall that Ωpin
+
4 = Z16 and that
it is generated by RP4 [KT90]. The generator X of the group of the 4d pin+ invertible phase,
the massive Majorana fermion theory, takes the values ZX = exp(±2pii · 116). This can be seen
from the computation of the eta invariant [Sto88] and also from physical considerations [FCV13,
WS14, MFCV14, Kit15, MFM15].
There are two pin+ structures on RP4 and they correspond to two quadratic refinements of the
intersection pairing on H2(RP4) = Z2. We easily see that ZY = exp(±2pii · 18) there, meaning
that our Y is twice the generator, Y = X2. As in the 2d pin− case, it is possible to remove the
projectivity from the PSL(2,Z) action but impossible to do so from the PSL(2,Z4) action.
2.4.5 7d spin manifolds
In passing, we mention that Witten’s SL(2,Z) action on 3d spin QFTs with U(1) symmetry can
be extended almost verbatim to an SL(2,Z) action on 7d spin QFTs with U(1) 2-form symmetry.
The S and T operations are given as in the 3d U(1) case (1.1) and (1.2):
ZSQ[C] =
∫
[Dc] exp
(
2pii
∫
M7
c
2pi
d
C
2pi
)
ZQ[c], (2.29)
ZTQ[C] = exp
(
2pii · 1
2
∫
M7
(
C
2pi
d
C
2pi
− p1
2
d
C
2pi
))
ZQ[C]. (2.30)
Here, C and c are now background and dynamical 3-form gauge fields respectively and the
quadratic refinement to be used in the T operation was constructed originally in [Wit96, Sec. 3]
and was recently revisited in [HTY20, Sec. 4.4]. We note that it is crucial to have the term
(p1/4)d(C/2pi) for the spin structure to determine the quadratic refinement. The computation of
4Any element B ∈ H2(M4) is the w2 of an SO(3) bundle. To see this, we need to lift a map B : M4 →
K(Z2, 2) to B : M4 → BSO(3) along w2 : BSO(3) → K(Z2, 2). The obstruction is controlled by the fibration
BSU(2)→ BSO(3)→ K(Z2, 2). Since BSU(2) is 3-connected, the first obstruction to this lifting problem occurs
when extending a map from the 4-skeleton to the 5-skeleton, and therefore no problem arises on 4-manifolds. The
authors thank Zheyan Wan and Juven Wang for the explanation.
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S2 and (ST )3 formally goes in the same way as in the 3d case detailed in [Wit03], and we obtain
S2 = −1, (ST )3 = Y (2.31)
where−1 denotes charge conjugation and Y is the 7d invertible phase whose action is the quadratic
refinement itself. This theory Y is the anomaly theory for the 6d self-dual tensor theory, and is 28
times a generator of the group of the 7d spin invertible phases.5 Therefore the projectivity cannot
be removed by a redefinition.
3 Interpretation via the bulk gauge theory
3.1 Generalities
Let us now interpret our SL(2,Z) action and its projectivity from the point of view of the bulk
gauge theory. We start with a general discussion, which is applicable to both Witten’s original
case and our cases. Consider a (d − 1)-dimensional theory with G symmetry. We attach to it
a d-dimensional G gauge theory with Neumann boundary condition for the gauge fields at the
boundary, so that the G symmetry on the boundary is gauged in this setup. See Fig. 1.
bulk d-dim. G gauge theory
(d− 1)-dim. theory
with G symmetry
Figure 1: The theory with G symmetry lives on the boundary of the G gauge theory
Let us suppose that the bulk G gauge theory has a duality group D. The duality group can
depend on exactly which spacetime structure S we use; we fix one particular S, but do not make it
explicit unless necessary. The action of D in the bulk can be represented by domain walls labeled
5To see this, we first note that Ωspin8 = Z⊕ Z, generated by HP2 and L8, where 4L8 is spin bordant to K3×K3,
see e.g. [Mil63]. They have Pontrjagin numbers p21(HP
2) = 4, p2(HP2) = 7 and p21(L8) = 1152, p2(L8) = 576,
respectively. The anomaly polynomial αgravitino, αtensor, naive and αfermion of the 6d gravitino, self-dual tensor and spin-
1
2 fermion, coming from the one-loop analysis, can be found in many places, and are given by (275p
2
1−980p2)/5760,
(16p21− 112p2)/5760, (7p21− 4p2)/5760, respectively. The anomaly polynomial of the self-dual tensor is then given
by αtensor = αtensor, naive + (p1/4)2/2 = 28αfermion. A short computation gives αfermion(HP2) = 0, αfermion(L8) = 1;
αgravitino(HP2) = −1, αgravitino(L8) = −43. This means that the anomaly of the 6d gravitino and that of the 6d
fermion generate the group Z ⊕ Z of the 7d spin invertible phases, and the anomaly of a self-dual tensor is 28 times
that of a fermion.
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by g ∈ D, across which the duality operation g is performed. We can now move this duality wall
toward the boundary. This defines an action of the duality group D on (d− 1)-dimensional QFTs
with G symmetry. See Fig. 2.
d-dim. bulk
(d− 1)-dim.
theory Qg
gQattach
Figure 2: The duality group D in the bulk acts on boundary theories
Now, the duality group action in the bulk can be anomalous in many ways. One type of
anomaly manifests itself as a failure of the composition law of the domain walls implementing the
action of D, where it holds only up to a multiplication by a (d− 1)-dimensional invertible phase,
see Fig. 3.
hg gh up to
(d− 1)-dim. invertible phase c(g, h)
∼
Figure 3: The duality group D in the bulk can be projective
Denoting the group of invertible phases in dimension d with structure S by InvdS, such projec-
tivity is characterized by a 2-cocycle c(g, h) ∈ Invd−1S , and its cohomology class takes values in
H2(BD, Invd−1S ). This projectivity in the bulk, when pushed on to the boundary, then becomes
the projectivity of the D action on (d− 1)-dimensional QFTs with G symmetry.
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The associativity of the composition of the domain walls can also fail, which can be parametrized
byH3(D, Invd−2S ). There can also be failures of higher associativities, given byH
p(D, InvqS) with
p + q = d + 1. All these data comprise the E2 page of the Atiyah-Hirzebruch spectral sequence
converging to the group of invertible phases encoding the D anomaly [GJF17, Tho18],
Ep,q2 = H
p(BD, InvqS)⇒ Invp+qS (BD). (3.1)
In this paper, we only consider the effect of the part (p, q) = (2, d− 1).
Here, it seems appropriate to revisit the issue discussed in Sec. 2.3, namely that in many the-
ories with fermions the duality group D = SL(2,Z) is extended by the fermion parity operation
(−1)F to be D′ = Mp(2,Z). More precisely, the structure group of the spacetime has the form
[S×D′]/{1, (−1)F}. (3.2)
The Atiyah-Hirzebruch spectral sequence computing the anomaly is known to have the same E2
page as given in (3.1), whereas the differentials are known to be affected by the twist of the
structure group given in (3.2), see e.g. [Tho18] or [KPMT19, Sec. 6.4]. As our discussion in this
section only sees the (p, q) = (2, d − 1) part of the E2 page, we are not sensitive enough to see
the extension of the duality group by the fermion parity.
3.2 U(1) symmetry in three dimensions
In the case of 3d spin QFTs with U(1) symmetry, the bulk 4d theory is the Maxwell theory.
The part of the anomaly of the duality described by H2(SL(2,Z), Inv3spin) was determined in
[STY18] by reinterpreting the computation in [Wit95]. We recalled above that Inv3spin = Z, whose
generator we denoted by X . The cohomology group is then given by H2(SL(2,Z),Z) = Z12.
The conclusion of [STY18] is that the anomaly of the Maxwell theory corresponds to 8 ∈ Z12.
Let us check that this matches with the projectivity of the SL(2,Z) action (1.5). A convenient
representative of the extensions6 corresponding to n ∈ Z12 = H2(SL(2,Z),Z) are
S˜4 = (S˜T˜ )3 = Xn. (3.3)
We can confirm that n is defined modulo 12 by redefining S˜ ′ := S˜X3 and T˜ ′ := T˜X . When
n = 4m, we can make a different redefinition Sˆ = S˜X−m, Tˆ = T˜ which then satisfies
Sˆ4 = 1, (SˆTˆ )3 = Xm. (3.4)
Let us now recall that the projectivity of the SL(2,Z) action on 3d theories was given by (1.5),
which corresponds to m = 2 since our theory Y , the level-1 U(1) Chern-Simons theory, corre-
sponds to Y = X2. We thus conclude that the anomaly is indeed given by n = 4m = 8 ∈ Z12.
6In passing we mention that the extension for n = 1 is isomorphic to a braid groupB3 = 〈A,B | ABA = BAB〉.
Its center is isomorphic to Z and is generated by C˜ := (AB)3. One then takes S˜ := ABA = BAB, T˜ = A and
X = (AB)6.
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3.3 Z2 (k − 1)-form symmetry in 2k dimensions
Let us next discuss the case of SL(2,Z) action on 2k-dimensional QFTs with Z2 (k − 1)-form
symmetry. In this case, the analysis of the SL(2,Z) action on the bulk Z2 gauge theory with the
required spacetime structure is not yet available in the literature. Here, we will only make a few
comments concerning how to understand the SL(2,Z) action from the bulk point of view.
Let us consider the boundary theory on M2k. The bulk Z2 gauge theory assigns its Hilbert
space H to it, which we are going to describe. For this purpose, we note that the bulk gauge
theory has operators supported on elements of Hk(M2k). For k = 1, these are worldlines of
anyons, and there are three types of them, often denoted by E, M , and EM , each corresponding
to Wilson lines, ’t Hooft lines, and dyonic lines of Z2 gauge theory.
Generally, let us denote by E(B) and M(B) the operators of type E and M supported on the
Poincaré dual of the element B ∈ Hk(M2k). We demand
E(B)2 = M(B)2 = 1. (3.5)
Furthermore, the braiding between them is given by
E(B)M(B′) = M(B′)E(B) · (−1)〈B,B′〉, (3.6)
see Fig. 4.
E(B)
M(B′)
E(B)
M(B′)= (−1)〈B,B′〉
Figure 4: The braiding of bulk operators.
The Hilbert spaceH of the bulk theory forms an irreducible representation of this algebra. We
take the basis |B〉 where E(B′) is diagonalized by the relation
E(B′) |B〉 = (−1)〈B,B′〉 |B〉 . (3.7)
M(B′) then acts by the formula
M(B′) |B〉 = |B +B′〉 . (3.8)
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We normalize the vectors |B〉 so that we have
1 =
1
|Hk(M2k)|1/2
∑
B
|B〉 〈B| . (3.9)
We now regard the 2k-dimensional theory Q on the boundary to define a vector |Q〉 ∈ H, so
that
ZQ[B] = 〈B|Q〉 . (3.10)
Similarly, the duality domain wall labeled by g determines a matrix
〈B′|g|B〉 , (3.11)
see Fig. 5.
|B〉〈B′|
g
= 〈B′|g|B〉
Figure 5: The bulk domain wall labeled by g determines a matrix 〈B|g|B′〉.
The S operation in the bulk should exchange E(B) and M(B). This can be performed by a
domain wall S with the property
〈B|S|B′〉 = (−1)〈B,B′〉. (3.12)
Indeed, it is easy to check
SE(B)S−1 = M(B), SM(B)S−1 = E(B). (3.13)
This interpretation of the S operation is long known to the experts, and can be found e.g. in [Tac18,
Lecture 4]. It was also developed much more fully recently in [GK20].
Next we would like to discuss the T operation. Naively, we would like the T operation in the
bulk to keep E(B) invariant and send M(B) to E(B)M(B). There is a problem however, since
(E(B)M(B))2 = E(B)M(B)E(B)M(B) = (−1)〈B,B〉. (3.14)
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To remedy this, we need to require the existence of the quadratic refinement, and consider the
operator
D(B) := iq(B)E(B)M(B), (3.15)
which satisfies
D(B)2 = 1 (3.16)
thanks to the relation (2.4).
We can regard the extra factor iq(B) as the expectation value of the transparent fermion line
operator (and its higher-dimensional analogues) supported on the Poincaré dual of B. In the case
of k = 1, this is analogous to the fact that (−1)q¯(B) can be regarded as the expectation value of
the transparent line operator for spin theories. The fact that this expectation value is Z4-valued
rather than Z2-valued in the 2d/3d pin− case can be understood to follow from the fact that the
reflection operation on the transparent fermion in a pin− theory squares to −1. Consider the 3d
pin− gauge theory on R×M2 where M2 is a non-orientable 2-manifold, and wrap the transparent
fermion on a cycle B in M2 which intersects the Poincaré dual L of w1(M2). In this setup, as the
fermion crosses L, it is acted upon by a reflection transformation. Since the reflection squares to
−1, inserting another transparent fermion along B (but separated from the previous fermion line
along R) should leave us, after fusing the two fermion lines, with −1 times the setup such that
no transparent fermion line wraps B (at any point along R). More concretely, the operator at the
junction of fermion (wrapping B) and L squares to −1.
The above explanation implies that iq(B) = ±1 or ±i depending on whether ∫
M2
B ∪ w1 = 0
or 1. In other words, it must be true that 2q(B) = 2
∫
M2
B ∪ w1. Indeed, this can be verified by
using (2.4) and 〈B,B〉 = ∫
M2
B ∪ w1.
This shows that it is important to take into account the effect of the transparent fermion line
operator in 3d pin− theory and its higher-dimensional generalizations, and its presence makes the
T operation to be of order four.
The T operation can be performed by a domain wall T with the property
〈B|T |B′〉 = iq(B)δB,B′ . (3.17)
It is again routine to check that
TE(B)T−1 = E(B), TM(B)T−1 = D(B). (3.18)
Our analysis in Sec. 2 then directly translates to the projectivity of the composition of the duality
domain walls S and T , which we do not repeat here.
It would be interesting to determine the full SL(2,Z) anomaly of the 3d pin− Z2 gauge theory.
As recalled in Sec. 3.1, the projectivity we determined only fixes the part of the anomaly which is
in H2(BSL(2,Z), Inv2pin−) in the Atiyah-Hirzebruch spectral sequence.
Currently in the literature, a general theory of anomalies of bosonic 3d TQFTs is available
for both oriented [BBCW14] and unoriented [BBC+16] cases. It is also known how to translate
3d spin and pin+ theories to bosonic theories with an additional Z2 symmetry [BGK16, Bha16].
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There is a steady progress in describing 3d spin TQFTs directly in terms of a spin version of
modular tensor category, see e.g. [BGH+16]. The method available in the literature, therefore,
cannot be directly applied to our question yet, but it seems we are not very far away. There might
also be a different, more physics-based method to determine the SL(2,Z) anomaly. Either way, it
would be a fun project to do so.
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